Abstract. In this paper, by using the known class Ψ * of 5-dimensional functions determined by the known classes {C , Φ u }, we discuss the existence problems of coincidence points for three mappings of integral type with semiimplicit contraction conditions and obtain a common fixed point theorem for two mappings on ordered metric spaces. Finally, we give a sufficient condition under which there exists a unique common fixed point.
Introduction and preliminaries
Throughout this paper, we assume that R + = [0, +∞) and Φ = {φ : φ : R + → R + | φ is Lebesgue integral, summable on each compact subset of R + and ε 0 φ (t)dt > 0 for each ε > 0} The famous Banach's contraction principle is as follows: where c ∈ [0, 1) is a constant. Then f has a unique fixed pointx ∈ X such that lim n→∞ f n x =x for each x ∈ X.
It is known that the Banach's contraction principle has a lot of generalizations and various applications in many directions, see, for examples, [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and the references cited therein. Especially, in 1962, Rakotch [13] extended the Banach's contraction principle with replacing the contraction constant c in (1.1) by a contraction function γ and obtained the next theorem: where γ : R + → [0, 1) is a monotonically decreasing function. Then f has a unique fixed point
x ∈ X such that lim n→∞ f n x =x for each x ∈ X.
In 2002, Branciari [14] gave an integral version of Theorem 1.1 as follows: where c ∈ (0, 1) is a constant and φ ∈ Φ. Then f has a unique fixed pointx ∈ X such that lim n→∞ f n x =x for each x ∈ X.
The further generalizations of Branciari' theorem were given with replacing the contraction constant c in (1.3) by two or three contraction functions in [15] [16] .
The following concept of class C of functions F : [0, ∞) 2 → R was introduced in [17] [18] .
satisfies following axioms:
(ii) F(s,t) = s implies that either s = 0 or t = 0 for all s,t ∈ [0, ∞).
Note for some F we have that F(0, 0) = 0.
Definition 1.2([18])
Let Φ u be a set of all functions ϕ : R + → R + satisfying the following conditions:
(i) ϕ is continuous;
(ii) ϕ(t) > 0 for all t > 0 and ϕ(0) ≥ 0.
Definition 1.3([18])
Let ψ ∈ Ψ * if and only if ψ : R + 5 → R + is a continuous and nondecreasing function about the 4th and 5th variables and the following conditions hold:
(iii) ψ(t, 0, 0,t,t) < t, ψ(0,t, 0, 0,t) < t and ψ(0, 0,t,t, 0) < t for all t > 0.
Ansari and Piao et al [18] discussed and obtained several common fixed point theorems for two mappings of integral type with semi-implicit contractive conditions determined by functions F ∈ C and ϕ ∈ Φ u and ψ ∈ Ψ * in metric spaces. These results generalized and improved many common fixed point theorems for mappings with integral type.
The aim of this paper is to discuss the existence problems of coincidence points and common fixed points for three and two mappings respectively with integral type and semi-implicit contractive conditions on ordered metric spaces, and finally give a sufficient condition under which there exists a unique common fixed point. The obtained results further extent and improve the corresponding various known conclusions.
To do this, we give some known definitions and lemmas. 
Remark 1.1 Under the conditions of Lemma 1.9, we easily obtian the following result: (ii) (X, ) is a partially ordered set. [20] [21] ) Let (X, ) be a partially ordered set and f , g, h : X → X three given mappings such that f X ⊂ hX. We say that ( f , g) is partially weakly increasing with respect to h if and only if for all x ∈ X and y ∈ h −1 ( f x), we have f x gy.
be an ordered metric space. We say that X is regular if the following hypothesis holds: if {x n } is a non-decreasing sequence in X with respect to such that x n → x as n → ∞, then x n x for all n ∈ N; equivalently, if {y n } is a non-increasing sequence in X with respect to such that y n → y as n → ∞, then y n y for all n ∈ N.
Lemma 1.2([15])
Let φ ∈ Φ and {r n } n∈N be a nonnegative sequence with lim n→∞ r n = a. Then
Lemma 1.3([15])
Let φ ∈ Φ and {r n } n∈N be a nonnegative sequence. Then
Definition 1.8 φ ∈ Φ is called to be strictly increasing about integral type if, for any x, y ∈ [0, ∞)
It is easy to check that the function φ :
for each t ∈ R + is a sub-additive and strictly increasing function about integral type.
Let C( f , g, T ) be the set of all points of coincidence of { f , g, T }.
Coincidence points and Common fixed points
The following result is the main coincidence point theorem.
Theorem 2.1 Let (X, d, ) be an ordered metric space such that X is regular and T, f , g : X → X three mappings. Suppose that for each x, y ∈ X with T x and Ty being comparable,
where φ ∈ Φ and ψ ∈ Ψ * . If (i) φ is sub-additive and strictly increasing about the integral type;
) and (g, f ) are both partially weakly increasing with respect to T ;
(iv) one of {T X, f X, gX} is complete.
Proof. Let x 0 ∈ X be an arbitrary point. Since f x 0 ∈ f X ⊂ T X, there exists x 1 ∈ X such that f x 0 = T x 1 ; Since gx 1 ∈ gX ⊂ T X, there exists x 2 ∈ X such that gx 1 = T x 2 . Continuing this process, we can construct two sequences {x n } and {y n } in X as follows
From (2.2), we obtain
hence using (iii), we have
that is,
Therefore,
3)
and (i), we have
So by the condition (ii) of ψ ∈ Ψ * , there exist F 2 ∈ C and ϕ 2 ∈ Φ u such that
Similarly,
So by the condition (i) of ψ ∈ Ψ * , there exist F 1 ∈ C and ϕ 1 ∈ Φ u such that
Combing (2.4)-(2.5) and using the property of F 1 and F 2 , we have
If there exists n 0 ∈ N such that d n 0 +1 > d n 0 , then by the strictly increasing property of φ about integral type, we obtain
which is a contradiction to (2.6), hence we have
(2.7) implies that there is u ∈ R + such that lim n→∞ d n = u. From Lemma 1.2 and (2.5), we If m(k) is even and n(k) is odd, then by Lemma 1.2, (2.1), (2.8), (2.9) and (iii) of Definition
This is a contradiction. Similarly, we obtain the same contradiction for the case that m(k) is odd and n(k) is even. Hence, {y n } is a Cauchy sequence.
If T X is complete, then y n ∈ T X for all n ∈ N ∪ {0} implies that there exist u, v ∈ X such that
If f X is complete, then y 2n = f x 2n ∈ f X for all n = 0, 1, 2, · · · implies that there exist u, v 1 ∈ X such that y 2n → u = f v 1 as n → ∞, therefore there exists v ∈ X such that y 2n → u = f v 1 = T v by the condition f X ⊂ T X. On the other hand, (2.8) and
Similarly, we can obtain the same result for the case of gX being complete. Hence we can assume that y n → u = T v as n → ∞ for any case in the condition (iv).
Since X is regular, using (2.3) and y n → u, we obtain y n u for all n = 0, 1, 2, · · · , hence T x n+1 = y n u = T v for all n = 0, 1, 2, · · · . By Lemma 1.2, (2.1), (2.8) and y n → u, 
is not singleton and there exist two different element u and u 1 in C( f , g, T )
such that they are comparable, then there exists v, v 1 ∈ X such that u = f v = gv = T v and
and T v and T v 1 are comparable, hence by (2.1),
φ (t) = 0 by (iii) of Definition 1.3, which implies u = u 1 . This is a contradiction, hence any different two elements in C( f , g, T ) are not comparable.
Using Theorem 2.1, we obtain a common fixed point theorem for two self-mappings.
Theorem 2.2 Let (X, d, ) be an ordered metric space such that X is regular and f , g : X → X two mappings. Suppose that for each x, y ∈ X with x and y being comparable,
10)
(ii) x gx for all x ∈ f X and x f x for all x ∈ gX;
(iii) f X or gX is complete.
Then f , g have a common fixed point v, that is, there exist v ∈ X such that v = f v = gv.
X (gx) and (ii) imply that ( f , g) and (g, f ) are both partially weakly increasing with respect to 1 X , hence there exists v ∈ X such that (iv) for each x, y ∈ X, there exists z ∈ f X ∪ gX such that {z, x} and {z, y} are both comparable pair respectively; (v) for any two elements u, v ∈ X with u v, f n u v and g n u v for all n ∈ N; (vi) ψ ∈ Ψ * satisfies that there exist F 3 ∈ C and
) and ψ is also non-decreasing about the 3th variable;
Then f and g have a unique common fixed point.
Proof. We have proved that f and g have a common fixed point v ∈ X in Theorem 2.2. Suppose u is also a common fixed point of f and g. Case 1. If u and v are comparable, then by (2.10),
Case 2. If u and v are not comparable, then u = v and there exist w ∈ f X ∪ gX such that w and u are comparable and w and v are also comparable by (iv). In this case, w = u and w = v.
Without loss of generality, let w ∈ f X, then w gw by (ii) in Theorem 2.2. Since gw ∈ g f X = f gX ⊂ f X by (vii), gw ggw = g 2 w by (ii) in Theorem 2.2 again. Repeating this process, we obtain w gw g 2 w · · · g n w, ∀ n = 1, 2, · · · .
If u w, then using the above conclusion and (v), we obtain that for any n = 1, 2, · · · ,
hence f n u and g n w are comparable for all n = 0, 1, 2, · · · . By (2.10), If w u, then since u = gu ∈ gX, we also obtain similarly g n w u f u f 2 u · · · f n u, , ∀ n = 1, 2, · · · , which shows that g n w and f n u are comparable for all n = 0, 1, 2, · · · . Hence similarly, we also obtain (2.15). Therefore (2.15) always holds for two comparable elements u and w. Since w and v are also comparable, we also obtain 
